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1 RLC Circuits (Continued)

1.1 RLC Circuit with no source

The voltage between the right side of C and the left side of R can be written as,

V =
1

C
Q+RQ̇+ LQ̈ (1)

where we wrote Q̇ = I. Since those two sides are connected by a resistance-free wire, we know that V = 0. So we have a second
order ordinary differential equation to solve. Note that this equation is equivalent to the equation that governs a dampened
mechanical oscillator where there is a friction force which is proportional to velocity.

mẍ+ bẋ+ kx = 0 (2)

So the inductance L can be thought of as the mass m where it provides some inertia to the current. The resistor R can be
thought of the friction coefficient b. The inverse of the capacitance 1/C can be though of as the spring constant which provides
a restoring force to drive the oscillation. Let us tidy up the equation that we have into the following form.

0 = Q̈+ 2βQ̇+ ω2
0Q (3)

where β ≡ R
2L , ω0 =

√
1

LC .

Suppose Q1(t) is a solution to this equation. We can see that Q2(t) = αQ1(t), where α is a constant, is also a solution to
this equation. Similarly if Q1(t) and Q3(t) are both solutions to this equation, Q4(t) = Q1(t) +Q2(t) is also a solution to this
equation.

Keeping this in mind we propose an ansatz (attempt) to the solution in the following form:

Q(t) = exp[λt] (4)

We notice that we can write Q̇ = λQ(t) and Q̈ = λ2Q(t). Plugging these into our differential equation gives,

0 = Q(t)
{
λ2 + 2βλ+ ω2

0

}
. (5)

We already knew that Q(t) = 0 was a trivial solution, so we focus on the factor in parenthesis being zero. This is a quadratic
equation whose two solutions are well known:

λ± = −β ±
√
β2 − ω2

0︸ ︷︷ ︸
≡ω′

. (6)
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So the general solution is a linear combination,

Q(t) = A+ exp[λ+t] +A− exp[λ−t] (7)

Q(t) = exp[−βt] {A+ exp[+ω′t] +A− exp[−ω′t]} (8)

where A+ and A− are determined from the initial conditions Q0 = Q(t = 0) and I0 = Q̇(t = 0).

1.1.1 Overdamped RLC Circuit

We see that when β > ω, ω′ is a real number and obeys ω′ < β. So both terms in the solution give decaying exponential modes,
one being faster than the other.

Q(t) = A+ exp[−(β − ω′)t] +A−[−(β + ω′)t] (9)

1.1.2 Critically Damped RLC Circuit

The boundary case is when β = ω in which case ω′ = 0 and both terms merge into one. There is no oscillation in this case
because the friction caused by the resistor (which goes into the constant β) is too strong compared to the inverses of capacitance
and the inductance (which go into ω). However, this case also has a solution that does not fit our initial ansatz. We have,

Q(t) = t exp[−βt], ⇒ Q̇ = exp[−βt]− βQ(t), ⇒ Q̈ = −2β exp[−βt] + β2Q(t). (10)

Plugging these into the equation, we see that,

−2β exp[−βt] + β2Q(t) + 2β{exp[−βt]− βQ(t)}+ β2Q(t) = 0 (11)

So Q(t) = t exp[−βt] is also a solution in this case. Since Q(t) = exp[−βt] was the other solution, the full solution is a linear
combination of these:

Q(t) = (A+Bt) exp[−βt] (12)

1.1.3 Underdamped RLC Circuit

Now let us look at what happens when β < ω. We see that ω′ in this case is purely imaginary. We can write,

ω′ =
√
β2 − ω2 =

√
(−1)

√
(ω2

0 − β2)︸ ︷︷ ︸
≡ω̃

= iω̃ (13)

Plugging this into the general solution to the RLC differential equation gives,

Q(t) = exp[−βt] {A+ exp[iω̃t] +A− exp[−iω̃t]} . (14)

We see that for the most general case the charge has a real and an imaginary component. Now let us find out the condition for
this charge to be purely real. Let A± = a± + ib±, and remember that exp[±ix] = cosx± i sinx. So the expression in the curly
brackets becomes,

A+ exp[iω̃t] +A− exp[−iω̃t] = (a+ + a−) cos ω̃t− (b+ − b−) sin ω̃t+ i[(b+ + b−) cos ω̃t+ (a+ − a−) sin ω̃t]. (15)

We see that the only way to make this real for all t is to set a− = a+ and b− = −b+. . Every complex number can be written
as A+ = A exp[iφ] where A, φ ∈ R. Then A− = A exp[−iφ]. So we get,

Q(t) = 2A exp[−βt] cos(ω̃t+ φ) (16)

where A and φ can be determined from initial conditions. We see that there is an oscillation with frequency,

ω̃ =

√
1

LC
− R2

4L2
(17)

enveloped by an exponential damping with the decay rate,

β = − R

2L
. (18)
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1.2 Driven RLC Circuit

Now we are dealing with an external voltage source that provides and alternating (AC) voltage to our system. Let us take
advantage of complex numbers once again to find the most general solution to this problem. We have,

V

L
= Q̈+ 2βQ̇+ ω2

0Q, (19)
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where V
L = A exp[iωt]. The general solution will have to components: the steady state and transients. The steady state solution

is what we get after we let this system evolve for a long period of time. Its frequency is equal to the source frequency ω (otherwise
it would not be steady). The transients are initial deviations from this steady state oscillation that die away due to the exp[−βt]
term they all have. We can write this as,

Q(t) = Qs(t) +Qt(t) (20)

where Qt(t) satisfies,
0 = Q̈t + 2βQ̇t + ω2

0Qt. (21)

Now let us focus on the steady state solution. Even though it oscillates with the source frequency it does not necessarily
have the same phase as the source. We capture the phase information with a complex coefficient Z = B exp[iφ] such that
Qs(t) = Z exp[iωt]. Let us solve for B and φ in terms of the known quantities. We have get the following equation,

A = B(−ω2 + 2iωβ + ω2
0) exp[iφ]. (22)

Notice that the left hand side of this equation is purely real. Therefore the complex component of the right hand side must be
0. So we get,

2ωβ cosφ− (ω2
0 − ω2) sinφ = 0 ⇒ tanφ =

2ωβ

ω2
0 − ω2

=
1

1
ωRC −

ωL
R

. (23)

So we found the phase of the charge of the capacitor. The real part of the right hand side must be equal to A, which will give
us the value of B. We write,

A = B
√
(ω2

0 − ω2)2 + (2ωβ)2 ⇒ B =
A√

(ω2
0 − ω2)2 + (2ωβ)2

=
A√

( 1
LC − ω2)2 + (ωR

L )2
. (24)

1.2.1 Resonance

Suppose we fix the source voltage and only vary its frequency. We see that we can maximize B when the source frequency is
ω = 1√

LC
= ω0. The maximum value would then be,

B =
AL

ω0R
=

V0
ω0R

(25)

This is the amplitude of the charge oscillation in the capacitor. The amplitude of the current oscillation would be ω0B since we
take the derivative of a exp[iω0t] once to obtain the current. So we have,

I =
V0
R

cosωt. (26)

This is what you would get if you only had the resistor and the source. The voltages across the inductor and the capacitor
perfecly cancel each other. Effectively they do not exist. Making the resistance smaller makes the resonance peak sharper and
vice versa.
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2 Phasors and General AC Circuits
In the previous sections we have utilized complex numbers when we were dealing with oscillating functions. In this section we
will see that the steady solution to a general AC circuit is analogous to that of DC circuits.

2.1 Phasors
Suppose we have a real quantity that oscillates with ω that has a phase φ and with amplitude I0. We can write its explicit form
as,

I(t) = I0 cos(ωt+ φ). (27)

Since all components of an AC circuit (no matter how complicated) will oscillate with the same frequency ω when it reaches its
steady state. We choose to represent these quantities with only their amplitudes and phases. Complex numbers are great for
this task. So we write

I0 cos(ωt+ φ)↔ I0 exp[iφ]. (28)

We will carry out all calculations in complex numbers. All we have to do to get back to the real values is to multiply the final
answer by exp[iωt] and take its real part. The reason why this works is the following fact: the representation of the sum of two
currents is the sum of their representations.

2.2 Admittance and Impedance
If the complex numbers that represent the current and the voltage across and element in a circuit is Ĩ and Ṽ , admittance Y of
that circuit element is defined as,

Ĩ = Y Ṽ . (29)

We define impedance, Z as the inverse of admittance.
Ṽ = ZĨ. (30)

Note: Although admittance and impedance are complex numbers, they do not represent oscillating quantities!

When two elements are parallel, the total admittance is the sum of the admittance of each parallel element.

Y = Y1 + Y2 (31)

When two elements are in series, the total impedance is the sum of the impedance of each element in series.

Z = Z1 + Z2 (32)

3 Maxwell’s equations and electromagnetic waves (optional)

3.1 Divergence, and Curl

For a vector valued function ~F = Fxx̂+ Fy ŷ + Fz ẑ,divergence is defined as,

∇ · ~F ≡ ∂Fx

∂x
+
∂Fy

∂y
+
∂Fz

∂z
, (33)

while curl is defined as,

∇× F =

(
∂Fz

∂y
− ∂Fy

∂z

)
x̂+

(
∂Fx

∂z
− ∂Fz

∂x

)
ŷ +

(
∂Fy

∂x
− ∂Fx

∂y

)
ẑ (34)
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3.2 Differential Forms of Gauss’ Law, Ampere’s Law, Faraday’s Law
3.2.1 Gauss’ Law

We previously wrote Gauss’ law as, ∫
S

d~a · ~E =
Q

ε0
. (35)

This is called the integral form. Another equivalent way of writing this is the differential form:

∇ · ~E =
ρ

ε0
. (36)

where ρ is the charge density. Showing their equivalence requires the Divergence Theorem, which I will informally derive in the
lecture.

3.2.2 Ampere’s Law

We previously wrote Ampere’s law in its integral form: ∮
C

d~l · ~B = µ0I. (37)

Its differential form is,
∇× ~B = µ0

~j (38)

where ~j is the current density. Showing their equivalence requires Kelvin-Stokes theorem, which I will informally derive in the
lecture.

3.2.3 Faraday’s Law

We previously wrote Ampere’s law in its integral form:

E =

∮
C

d~l · ~E = −
∫
S

d~a · ∂
~B

∂t
(39)

Its differential form is,

∇× ~E = −∂
~B

∂t
(40)

where ~j is the current density. Showing their equivalence requires Kelvin-Stokes theorem, which I will informally derive in the
lecture.

3.3 Displacement Current
We will consider a case that breaks the original Ampere’s law. Maxwell found this inconsistency and added a correction to the
law which resulted in the final 4 equations of electromagnetism known as Maxwell’s equations.

Consider a case where we are charging a parallel plate capacitor with a current I. Both surfaces S and S′ have the same
boundaries which is going to be our Amperian loop. So the Ampere’s law will give the same magnetic field integral over this
loop for both S and S′.
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∮
∂S

d~l · ~B =

∮
∂S′

d~l · ~B (41)

However IS = I but I ′S = 0. This creates a contradiction. The original form of Ampere’s law must be wrong. Maxwell added
a term called the displacement current. ∮

∂S

d~l · ~B = µ0I + µ0ε0

∫
S

d~a · ∂
~E

∂t︸ ︷︷ ︸
d.c.

(42)

In differential form:

∇× ~B = µ0
~j + µ0ε0

∂ ~E

∂t
. (43)

Let us take the divergence of both sides. We get,

∇ · (∇× ~B) = µ0∇ ·~j + µ0ε0∇ ·
∂ ~E

∂t
. (44)

Divergence of the curl of any vector function is identically zero. So the left hand side vanishes. We can change the order of
partial derivatives for the right hand side. So we can write,

0 = ∇ ·~j + ε0
∂

∂t
(∇ · ~E). (45)

If we use the Gauss’ law to substitute for ~E, we get,

0 = ∇ ·~j + ∂ρ

∂t
(46)

which is called the continuity equation. This ensures that the total charge in the universe is always preserved.

3.4 Maxwell’s Equations
We can now write all 4 of Maxwell’s equations:

∇ · ~E =
ρ

ε0
Gauss′ law (47)

∇ · ~B = 0 Gauss′ law for Magnetism (48)

∇× ~E = −∂
~B

∂t
Faraday′s law (49)

∇× ~B = µ0ε0
∂ ~E

∂t
+ µ0

~J Ampere′s law (corrected) (50)

Exercise: Find out B0/E0 and v such that ~E = ẑE0 sin(y − vt), ~B = x̂B0 sin(y − vt) satisfies Maxwell’s equations. Find out
the numerical value of v.

4 Problems
Problem 1: Find the voltage and current across each element in the following circuits:
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Problem 2 Low-pass filter

Problem 3 High-pass Filter. Consider the setup in the previous problem, but the capacitor replaced by and inductor. Calculate
the ratio |Ṽ1|2/V 2

0 . Choose values for R and L to make|Ṽ1|2/V 2
0 = 0.1 for a 100 Hz signal. This circuit is the most primitive of

"high-pass" filters, providing attenuation that increases with decreasing frequency. Show that, for sufficiently low frequencies,
the signal power is reduced by a factor 1/4 for every halving of the frequency.

Problem 4 Exercises with Impedances
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Problem 5 A more complicated filter

5 Challanging Problems
1. Problem 1 in

https://www.ioc.ee/~kalda/ipho/es/est-fin_2014eng.pdf

2. Problem 7 in

https://www.ioc.ee/~kalda/ipho/es/NBPhO18_eng.pdf

3. Accumulating Charge
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