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§1 Theory
We have previously talked about momentum, in the linear context, and for which we
had the following (Momentum conservation law/generalized Newton’s 2nd law.)
P
For the net momentum p~ = i mi v~i of a system of point masses mi upon which a total
exterior force F~ acts, we have:
d~
p
= F~
dt
This implies that the net momentum is conserved if F~ = 0.
We also talked about the Center of mass, again, in a linear context: For a system
of point masses mi , each at coordinate r~i , we have that the coordinate of the center of
mass is:
R
P
mi r~i
r~i dm
r~c = Pi
= R
dm
m
i i
We now introduce the angular equivalents: Angular momentum and Moment of
~ = P mi r~i × v~i of a system of bodies we have
inertia. For the net angular momentum L
i
that:
~
dL
= ~τ
dt
,where τ is the net torque acting on the system and defined as:
~τ =

X

r~i × F~i

i

,where i stands for the net force acting on the i-th point mass. In particular, the net
angular momentum of the system is conserved if ~τ = 0. This will happen very frequently
in astrophysics problems.
The concept of rotation means that now, when computing kinetic energy, we will have
one term that accounts for translation (the one that we have used so far with the form
mv 2 /2 = p2 /2m) and a new term that accounts for rotation and which has the form:
Erot =

Iω 2
L2
=
2
2I

In the expression above we introduced the definition of the moment of inertia I, which
as you can see, is the angular analogue of the mass m. Since we are taking about rotation,
we also have the angular velocity ω. We have by definition that
~ = I~
L
ω
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The main difference between I and m is that I is computed with respect to an axis (an
object that rotates must do so around some axis). This means that the same object can
have different moments of inertia if taken with respect to different axes. The relationship
between these different moments is actually the reason why some axis are more stable
than other (i.e. try flipping a non-square box around each of its axes while dropping it
on the ground, you will notice that it prefers rotation around a certain edge).
For some very common shapes of objects, we can find I in tables. However, I encourage
you to try to compute it for at least some examples to better understand what is
happening. The formula we use for computing it is:
I=

X

mi ri2 =

Z

r2 dm

i

,where r is the distance between the mass mi (or dm) and the axis around which the
object rotates.
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§2 Warm-up problems
§2.1 F=ma, 2019, Problem 9

§2.2 F=ma, 2019, Problem 10
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§2.3 F=ma, 2019, Problem 15

§2.4 F=ma, 2018, Problem 8
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§2.5 F=ma, 2018, Problem 21

§2.6 F=ma, 2018, Problem 23
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§2.7 F=ma, 2017, Problem 3

§2.8 F=ma, 2017, Problems 14 and 15
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§2.9 F=ma, 2018, Problem 18
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§3 Hard problems
§3.1 Billiard - classical problem
On a pool table we have a stationary ball A and another stationary ball B, at a distance
l = 1m from the first one. We hit ball B parallel to the table and at a distance d = R/2,
where R is the radius of balls A and B. After some time, ball B hits ball A instantaneously
and perfectly elastically. Afterwards, ball B stops. We can neglect the friction between
A and B, and we know that friction coefficient of either A or B with the table is µ = 0.3.
a) What is the minimal friction coefficients between B and the cue stick with which
we hit it?
b) What is B’s velocity after we hit it?
c) What is A’s velocity when it reaches the end of the table?

§3.2 IPhO 2014, Problem 1A
A small puck of mass m is carefully placed onto the inner surface of a thin hollow cylinder
of mass M and of radius R. Initially, the cylinder rests on a horizontal plane and the
puck is located at a height R above the plane as shown in the figure on the left. Find
the contact force F between the puck and the cylinder at the moment when the puck
passes the lowest point of its trajectory. Assume that there is no friction between the
puck and the inner surface of the cylinder, and that the cylinder moves on the plane
without slipping. The free fall acceleration is g.

§4 Homework problems
§4.1 Golf - Problem 57 from ’200 more physics problems’
A small solid rubber ball of radius r is thrown onto the inner wall of a long cylindrical tube,
which has radius R and is fixed with its axis of symmetry vertical. If the ball is started
off with a sufficiently large horizontal velocity v0, then it starts to oscillate periodically
in the vertical direction, while still maintaining contact with the tube. Describe the
‘dance’ performed by the centre of the ball. The static friction is quite large, and so the
ball never slides on the wall. Assume that the ball is sufficiently incompressible that its
contact with the tube is only ever through a single point, and that air drag and rolling
friction are negligible

§4.2 Tethered puck - Russian National Olympiad 2006
A round vertical cylinder of radius R is fixed on a horizontal plane. An inextensible
thread of length L is attached at the cylinder side near the bottom, initially the thread
is tangent to the side. A small puck (of negligible size) is attached to the other end of
the thread. The puck is given an initial velocity v0 , perpendicular to the thread, so the
puck starts sliding on the plane.
a) How long will the puck’s motion (winding the thread around the cylinder) last if
there is no friction?
b) How long will the puck’s motion last if the friction coefficient between the puck
and the plane is µ?
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§4.3 Boomerang - Romanian Selection for IPhO
The physics of a boomerang is actually not too hard to understand using the tools that
we learned so far. A boomerang looks like a plus sign, but with width w and radius R.
When you throw it, you place the boomerang in the vertical plane, so that a force of
2 ∆A acts perpendicular to it, where γ is just a constant, ∆A is the
the form F = γv⊥
infinitesimal area that it acts on, and v⊥ is the relative velocity of the wind with respect
to each wing of the boomerang.
a) Compute the average of this force per period of rotation. Assume that the boomerang rotates in the vertical plane with angular velocity ω and in the horizontal
plane with Ω.
b) Compute the average toque of this force per period of rotation.
c) Compute the ratio v/Rω so that the boomerang describes a circular motion in the
horizontal plane.
d) Compute the radius r of this trajectory.

§4.4 Rolling cylinders - Romanian Selection for IPhO
Think of the transporting band that you usually find at a store as being set in motion by
the friction of a sequence of rolling cylinders underneath it. Now suppose you only have
the cylinders, with no band on them and a chocolate bar. If the radius of a cylinder is R,
then the chocolate bar has length L = 4RN , where N is some integer. The cylinders can
rotate independently (they are separated by a negligible distance). If there is no band,
then we will have no incline the cylinders with an angle α with the horizontal if we want
our bar to fall.
Let us analyze more closely what happens. Whenever the bar hits a cylinder, the bar
slows down a bit from the impact, and the cylinder starts rotating until it reaches the
angular velocity that satisfies the non-slipping condition. Suppose the system starts from
rest and that static friction between the cylinders and the bar is high enough to prevent
the bar from slipping.
a) Find the relation between the velocity vn0 of the bar right after the impact with
the n-th cylinder, and the velocity vn+1 of the bar right before the impact with the
(n+1)-th cylinder.
b) Find the relation between the velocities vn and vn0 .
c) Assuming that the bar travels a distance long enough to reach a stationary speed,
deduce the formula for this speed.
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