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Dimensional Analysis

In physics, when we want to find out how quantity of interest is affected by other parameters. For example we
can ask when someone is skydiving, how is one’s terminal velocity dependent on one’s mass, keeping everything
else unchanged. Dimensional analysis stems from the idea that any meaningful equation will have the same units
on both sides.
A = B =⇒ [A] = [B]
where [A] means the dimension(unit) of A. We can look at the famous equation F = ma as an example and check,
[F ] = Newtons = kg

m
,
s2

[ma] = [m][a] = kg

m
s2

SI standard for dimensions: length (L), mass (M), time (T), electric current (I), absolute temperature (Θ),
amount of substance (N) and luminous intensity (J). Mathematically, the dimension of the quantity Q is given by,
[Q] = La Mb Tc Id Θe Nf Jg
quantity. For every quantity there is a combination for the exponents a, b, c, d, e, f, g.

1.1

Some Basic Problems

Problem 1: The velocity v of an object depends on time t with the following equation,
√
c
.
v(t) = ab + bt +
d+t

(1)

Find out the units of a, b, c, and d.
Problem 2: Consider a spring with a spring constant k attached to the ceiling on one end, and to a ball of
mass M on the other end. How is the period T of the vertical oscillation of this ball dependent on M and k? To
determine the units of the spring constant, you can use Hooke’s law F = kx, x is the length of compression of a
spring from a relaxed position and F is the amount of force that the spring exerts.
Problem 3: The terminal velocity of a skydiver is dependent on the diver’s mass M and surface area A, the
air density ρ, and the gravitational acceleration g. Using dimensional analysis, find out the formula (up to a
dimensionless constant) for the free fall velocity.
A note on using dimensional analysis: Do not think of dimensional analysis as a formal solution. In nature,
the formulas do not always come with simple multiplicative factors. Moreover, the relevant factors can sometimes
combine into a dimensionless quantity whose power cannot be determined from dimensional analysis (or they can
vanish to 0 or diverge to ∞, see Problem 1.5 in David Morin, Introduction to Classical Mechanics With Problems
and Solutions). Consider the case of the friction in a fluid (e.g. the skydiver in Problem 3). A more careful study
of this phenomenon includes the
of the fluid µ, which is a quantity that has dimensions [µ] = N s m−2 .
√ viscosity
−1
Now consider the quantity, vρ Aµ which is dimensionless (check for yourself).
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Useful Math

2.1

Trigonometry

It is useful sometimes to switch to a different units of measuring angles from the one that we are used to: degrees.
As you know the full angle is defined to be 360 degrees, the right angle 90 degrees et cetera. A different way of
measuring angles is doing it in Radians.

Defitinion: The set of all points in the (x, y) plane that satisfy x2 + y 2 = 1
Definition: An angle is θ radians if the arc that the angle spans in the unit circle is of length θ
Definition:
sin(t) is defined as the y coordinate of the point in the unit circle that makes and angle t with the x axis.
cos(t) is defined as the x coordinate of the point in the unit circle that makes and angle t with the x axis.
tan(t) is defined as simply,
sin(t)
tan(t) ≡
cos(t)
You might also encounter the following definitions that are less common that the previous three but are still used
for convenience.
1
1
1
cot(t) ≡
, sec(t) ≡
, csc(t) ≡
tan(t)
cos(t)
sin(t)
Discuss: You might have been introduced to sin and cos with the right triangle instead of the unit circle. The
right triangle is a bad (limited) way of defining them. Why do you think that is the case?
A trivial identity that comes from the definition of the unit circle and the trigonometric functions is,
sin(t)2 + cos(t)2 = 1 for all t.
Exercise: Try to express tan(t)2 in terms of only sin(t)2 , then only cos(t)2
Let us now derive the identities for the sum of two angles. If we draw useful rectangles with triangles in them.
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(a) sin(α + β)

(b) tan(α + β)

These two can be seen from the geometric proofs above
sin(u + v) = sin u cos v + cos u sin v
tan(u + v) =

2.2

tan u + tan v
1 − tan u tan v

Approximations

In physics, sometimes we cannot solve problems fully. However, we can make very useful approximations that give
us answers that are valid for all practical purposes. You can think of this as measuring the length of a table. You
only need to know it up to .1 inches. Any more accuracy is redundant.
Small Angle Approximations
sin x ≈ tan x ≈ x for x  1
cos x ≈ 1 −

x2
for x  1
2

Figure 1: sin x ≈ x Deviation
Discuss: Try to see how these approximations come about. Some can be understood geometrically.
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Binomial Expansion
(1 + x)n ≈ (1 + nx) for |x|  1 and |nx|  1
Small Exponents
ex ≈ 1 + x for x  1
Logarithm Close to Unity
ln(1 + x) ≈ x for x  1

2.3

Some Basic Problems

Problem 1: An astronomer observers two stars in the sky that are δθ = 0.9 degrees apart. The astronomer
measures the distances to these stars from Earth to be d1 = 26 and d2 = 57 lightyears. What is the distance
between the two stars?

2.4

A More Advanced Example of a Dimensional Analysis/Math Problem

[IPhO 2007 Iran, Problem Blue]

4

5

Note:

3

You can find the solution to this problem in the references.

Homework

Problem 1: F=ma 2011, Problem 21

Problem 2: F=ma 2012, Problem 22
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Problem 3: F=ma 2013, Problem 16

Problem 4: Derive the following by using what we have learned in §2.1
cos(u + v) = cos u cos v − sin u sin v
sin(2u) = 2 sin u cos u
cos(2u) = cos(u)2 − sin(u)2
r
u
1 − cos u
sin
=±
2
2
r
u
1 + cos u
cos
=±
2
2


η+θ
sin η + sin θ
tan
=
2
cos η + cos θ
tan(2θ) =

2 tan θ
1 − tan2 θ

cot2 θ − 1
2 cot θ
2 cos θ cos ϕ = cos(θ − ϕ) + cos(θ + ϕ)
cot(2θ) =

2 sin θ sin ϕ = cos(θ − ϕ) − cos(θ + ϕ)
2 sin θ cos ϕ = sin(θ + ϕ) + sin(θ − ϕ)
2 cos θ sin ϕ = sin(θ + ϕ) − sin(θ − ϕ)
tan θ tan ϕ =

cos(θ − ϕ) − cos(θ + ϕ)
cos(θ − ϕ) + cos(θ + ϕ)
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Problem 5: Problem 1.6 in David Morin, Introduction to Classical Mechanics With Problems and Solutions
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